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Very cold neutrons (typical wavelengths are about 102 Ä) are available by recently developed 
techniques 2. The features of the scattering of these “ultracold” neutrons are investigated in the 
present paper discussing a few examples of magnetic scattering. The diffraction of neutrons by the 
vortex lattice in superconductors is treated as an example of elastic scattering, while in most other 
cases the scattering is inelastic. We discuss the scattering by ferromagnetic magnons at low 
temperatures and the critical scattering from an isotropic ferromagnet above the critical tempera­
ture. Simple models are used to derive the total cross sections. It is shown that relevant information 
about the inealsticity can be gained by the measurement of total cross sections in these cases.

1. Introduction

We use the notation “ ultracold neutrons’' 3 for 
neutrons with wavelengths (considerably) larger 
than 20 Ä. Small amounts of such neutrons can be 
found within the thermal spectrum of reactors. 
Methods have been proposed and developed to ex­
tract these neutrons from the thermal spectrum 1-4. 
With the apparatus at the FRM reactor neutrons can 
be observed with wavelengths between about 40 Ä 
and 1000 Ä. The latter value corresponds to a 
neutron energy of about 10~7 eV. It has been pro­
posed 5 to measure the electric dipole moment of the 
neutron using ultracold neutrons, since it seems 
possible to achieve a higher accuracy than in previ­
ous experiments (e. g. 6) . It is clear that it would be 
very interesting also to measure the scattering of 
neutrons with similarly small energy transfers; in­
formation about such energy levels of the scatterer 
could be obtained which cannot be investigated by 
thermal neutron scattering.

The theory of the scattering cross sections for 
thermal neutrons has been investigated in great 
detail (e. g. 7~9) . Little information can be taken 
from the literature about the cross section of very
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cold neutrons, however. Therefore the present paper 
gives a crude survey about the magnetic scattering 
cross sections of ultracold neutrons. The diffraction 
of neutrons by the vortex lattice in the mixed state 
of type-II-superconductors serves as a simple ex­
ample of elastic scattering. Two examples of inelastic 
magnetic scattering are treated, the scattering by 
ferromagnetic spin waves at low temperatures and 
the critical scattering from an isotropic ferromagnet 
above the critical temperature. We use rather crude 
models for the inelasticity of the scattering to derive 
a simple description of the total cross sections. The 
main experimental interest concerns the total cross 
section at the present time, since the available inten­
sities are not yet very high. At the FRM reactor the 
intensity of neutrons with a velocity v  — 90  m/sec 
(corresponding wavelength /  ä ; 45 Ä ), resolution 
Av/v  «  7.4% is F. 0 = 1 2 0 0  neutrons/sec2 the 
area being F =  6 cm2, and the flux 0  varies ap­
proximately as Vs 1. Thus we do not discuss the 
indicated possibility of investigating the energy 
distribution of the scattered neutrons further. We 
show, however, that some relevant information 
about the inelasticity of the scattering can be gained 
also by the measurement of total cross sections, if
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suitable models are used to analyze the cross sec­
tions. In a second paper of this series we intend to 
present some examples of nuclear inelastic scatter­
ing from solids, liquids and gases.

2. Bragg Scattering of Ultracold Neutrons 
from the Vortex Lattice in Superconductors

Elastic scattering of ultracold neutrons will be 
important, if the structures of the scatterer have a 
linear dimension comparable to the neutron wave­
length. If a type Il-superconductor is brought into 
a magnetic field, the magnetic flux enters the super­
conductor in its mixed state as flux lines which form 
a regular a r ra y 10. The lattice spacing d has the 
order of magnitude of 103 Ä. Each vortex line car­
ries a flux quantum 0 O =  c A/2  e =  2 .10-7  Gauss 
cm2, c being the velocity of light, h the Planck’s 
constant and e the charge of the electron. Within 
each vortex line of radius £ the substance is in its 
normal state, while outside of the flux line the 
magnetic induction decreases. The penetration depth 
of the magnetic field is characterized by the parame­
ter Xp . The distribution of the magnetic field outside 
of the flux lines can be found from the Ginzburg- 
Landau equations in the limiting case 10 £ = 0 . The 
fourier transform of the magnetic moment distribu­
tion acts as the magnetic form factor of the scat­
tering. It is easy to derive the extinction coefficient 
in this case 11

-  ( i )
t < 2  k  j

■ rfo  T l /1 —(r /2  A0 2( 1 + t 2 V ) 2 ’ 
m  neutron mass, k =  2 n / l  neutron wave number, 

nuclear magneton y =  1.91, B magnetic induc­
tion.

The vectors of the reciprocal lattice r  can be 
expressed in terms of the magnetic induction and 
the flux quantum. Since the flux lines form a trian­
gular lattice we can write

x =  2 n  V l B ( K 2 +  L2 - K L )  / (VJW0). (2)
K, L =  0, ± 1 ,  ±  2 , . . .  integer numbers.

We take Ap =  400 Ä (the value of N b 12) to 
evaluate Eqs. ( 1), (2 ) numerically. It is not pos­

10 A . A . A b r ik o s o v ,  Soviet Phys. JETP 5 ,1174 [1957].
11 M . P. K e m o k lid z e , Soviet Phys. JETP 20, 1505 [1965].
12 D. C r ib ie r , B .J a c r o t ,  L. M a d h a v R a o ,  and B. F a r n o u x ,

Progr. in Low Tem. Phys. 5 ,161 [1967].

sible to neglect £ in comparison to Xp in the case of 
Nb, however; it is well known that in the case 

a quasisinoidal distribution of the magnetic 
induction results 12. A magnetic form factor as given 
by Eq. ( 1) is a bad description in this case; we 
believe, however, that Eq. (1) will be a useful des­
cription for some other substances having smaller 
values of £. The cross section is plotted versus the 
energy E of the neutrons in Fig. 1 for three values 
of the magnetic induction B. The large values of the 
cross section are very remarkable. Since impurities, 
lattice defects etc. are known to act as pinning 
centers 13 to the vortex lattice, distortions of the flux

Fig. 1. Cross section of type Il-superconductor plotted versus 
the neutron wave number k  or neutron energy E, respectively. 
Three values of magnetic induction B  have been chosen. 
The magnetic induction in the superconductor is plotted 
versus the distance schematically in the lower part of the fi­
gure. The distance between two vortex lines is denoted by 5, 

the radius of a vortex line is denoted by f .

13 J. F r i e d e l ,  P. G . d e  G e n n e s ,  and J. M a t r i c o n ,  Appl. 
Phys. Lett. 2 ,119  [1963].
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lattice can occur 14. The discontinuities of the neu­
tron cross section will be smeared out by the lattice 
distortions, and the magnitude of the cross section 
is reduced. A second effect which can reduce the 
intensity is the variation of the magnitude of the 
lattice spacing through the sample — this effect has 
been observed in some cases by means of the Bitter 
technique 15. In the experiments by C r ib ie r  et al. 12 
using cold neutrons (A «  5 Ä) the Bragg angle has 
a magnitude of minutes of arc. Using ultracold neu­
trons large Bragg angles could be obtained, and the 
intensity of the first Bragg peak would be high. The 
cross section and the intensity decrease with neutron 
energy E according to a 1/üMaw.

3. Spin-wave Scattering of Ultracold Neutrons 
at Low Temperatures

The differential cross sections for the scattering 
of neutrons with absorption or emission of a spin- 
wave are given by 16-18

d2o
d Q  d co ) a b s

(r0 7 )2 |F « J )
k^S_  
k 2

d ( q ± f -  t
1 ___ +  -L  +  A

exp{?i ojf/ka T}  — 1 2 2

q =  k' - k  scattering vector, e  =  q/|q|, hk '  mo­
mentum of the scattered neutron, r0 radius of the 
electron, h co energy transfer, [ / ’ ( < / )  j2 magnetic 
form factor, S  spin quantum number, {I unit vector 
in the direction of the magnetization, V0 volume of 
the elementary cell, kg Boltzmann’s constant, T tem­
perature.

Eq. (3) applies to spin waves with momentum 
h f  and energy h(Of; the finite linewidth of the 
magnons can be neglected since we consider only 
temperatures T ^ T c . We want to include a small 
anisotropy into our treatment; we do not use the 
H o l s t e in -P r im a k o f f  19 dispersion relation for the 
spin waves but rather represent the anisotropy by 
some “ effective field” H& and get

h a>f =  g juqH^ +  2 S  2  A)ä(1 -  exp{i f R } )
R

g //„ # a +  2 5 1 d2/ 2 = Ea +  h 2 f2/2 m*.  (4)
s m a l l  /

<̂0 Bohr’s magneton, g splitting factor, Ior =  I ex­
change constant between nearest neighbors, d lattice 
spacing, m* “effective mass” of the magnon.

The ratio neutron mass to magnon mass has a 
value of about 102 for typical ferromagnets as Fe 
or Ni; we shall consider mainly ferromagnets with 
low Curie temperatures Tc permitting small values 
of m/m*.  Averaging over the directions of (J. and 
integrating over the energy transfer co we find

d ß \  2 Ŝ
do / a b s

(ro Y ) :
F(q)\2

k T (5)
r
k2

2  m

exp{h. cox- q/kß T}  — 1

and

do \ _  2 S 
dQJerrT 3

/

(ro 7 ): L i q l l y
(6)

v,o 2 m
K — (Ox — *

h *xp{h co-c-q/kv T}  — 1
1

The sum 2  was replaced by an integral to derive
f

Eqs. (5), (6 ). The primes in the sums 2  mean that
T

the sums have to be extended over such reciprocal 
lattice vectors only that k  = t  — q  lies within the 
first Brillouin zone. If m/m* < ,n2j 2 we have only a 
contribution of x =  0 in the sums when k ->  0 , while 
some contributions to the magnon absorption cross 
section with r  4= 0 can occur for larger m/m*  in the 
limit k —*~ 0 .

We can give a rough estimate for such contribu­
tions by

S ( r o 7 ) 2 | F ( T ) ] 2 ( t / f c )  ( m ' / m y -

• l/[exp{7i2 r 2/2 m Äg T}
(7) 

1] •

These contributions vary with the neutron velocity 
v as l / v  and cannot be separated from the nuclear 
absorption aa experimentally, since oT will always be 
some orders of magnitude smaller than aa . A dif­
ferent behavior is found for the contributions of

14 W . A. F i e t z  and W . W . W eb b , Phys. Rev. 178, 657 [1969].
15 H. T r ä u b l e  and U. E s s m a n n , Phys. Stat. Sol. 25, 373

[1968],
16 Yu. A. I z y u m o v ,  Soviet Phys. Uspekhi 16, 359 [1963].
17 S. V. M a l e e v ,  Soviet Phys. JETP 6, 776 [1958].

18 R. J. E l l i o t t  and R. D. L o w d e ,  Proc. Roy. Soc. London 
230,46 [1955].

19 T. H o l s t e i n  and H . P r im a k o f f ,  P h y s . Rev. 58, 1098 
[1940],
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t  = 0 , however. It is easy to show that scattering 
with magnon absorption and emission can occur 
only if the inequalities

denominators in Eq. (5), (6 ) we can perform the 
angular integration to derive the total cross section 
by making use of the relation

E E + 1 <  1
=  k2 +

respectively, are fulfilled. We now restrict our in­
terest to small values of E \  and not to large m/m*;  
in this case the two limiting energies will be in the 
energy region of the ultracold neutrons. Using the 
quadratic dispersion law Eq. (4) and expanding the

- 2 k2 +
2 m 

h
COq CO S f t  

(8)

[scattering angle ft ( ±  refers to magnon absorp­
tion and emission, respectively) ] 
and get ( k ßT  ^  Ex)

71 ( ^ 9 o ( m * \ kBT  / Ea \ 2 
°*b’~  3 ir« r)  \  m ) £ a | ( 2 +  f ) 1" “

Ka | A -
{ m 
, m* - 1 )

E \
E

m 
. m* - i )

2
m \  
m* ) i - l | / i -

E \
E

m
in* - l ) l - t

f m 
i m* - i )

m E
In

/ m \
I m*)f  + 1 + 2 ! i—i

 1 k - i ) i - ¥ ii * - i ) l

£ ) I2 + 1-21 g - i ;i - f i e - i ) l
and

(9)

m \ kg T 2 G ) £ + 1 ) + TT
m
m*

0 [ l - l A - - T & + 1 ) , + f
' m 
, m*

+ 1)

-  1
m
m*

Ex
E

In
i - +  i - + i (10)

Since the simultaneous solution of Eqs. (8 ) , (4) for 
small k is only possible for very small q the ap­
proximations leading to Eqs. (9), (10) are well 
justified. We observe that the cross sections vary as

E in the vicinity of the limiting energies, while they 
vary as l / E  for neutron energies which are large in 
comparison with the limiting energies. A numerical 
evaluation of Eqs. (9 ), (10) is shown in Fig. 2 .

Fig. 2. Cross section of a weakly an­
isotropic ferromagnet at low tempe­
ratures plotted versus the neutron 
energy E. Solid lines: total cross 
sections, dashed lines: partial cross 
sections for magnon absorption and 

emission, respectively.
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The cross section (suitably normalized) is plotted 
versus the neutron energy for two values of m/m*  
(Et =  k\> T thermal energy). The values of E \  and 
m/m*  can be taken from an experiment, if the posi­
tions of the two discontinuities in slope of the cross 
section are determined. This effect should be easily 
detectable for not two large m/m*  (i.e . substances 
with low critical tem peratures). The finite linewidth 
of the spin waves has the tendency to smear out the 
discontinuities; this effect can be estimated to be 
very small if the temperatures are sufficiently low 
(T Tc). It is to be expected that the present 
theory overestimates the magnitude of the observable 
cross sections, however: if E \  is very small the 
cross section diverges like In 1 /E\ ;  in a real case 
the magnitude of the total cross section will be 
limited rather by the finite size of the magnetic 
domains than by the anisotropy energy. If a com­
parison with an actual experiment is made, an 
angular range around the forward direction accord­
ing to the angular divergence of the incident neu­
tron beam should be excluded from the angular 
integration leading to Eqs. (8 ), (10), since the 
differential cross section is very sharply peaked in 
the forward direction.

4. Critical Magnetic Scattering 
of Ultracold Neutrons

The spontaneous magnetization of a ferromagnet 
above the critical temperature Tc is zero, but the 
fluctuations of the local magnetization maintain spin 
correlations over distances, which are large com­
pared to the atomic distances, for temperatures near 
Tc . According to VAN H o v e  20 the asymptotic be­
havior of the spin correlation function ( S qS r ) is 
given by the Ornstein-Zernike function 21

has to be included

{S 0 S R)
1

-> const e 
x A

- y .R ( ID

1 range of the correlation (for T- > T cx  approaches 
zero). According to F ish e r  et al. 22 a parameter

( S 0 S R) R. const e
R 1 + r>

-xR (1 2 )

The behavior of the correlation function for small 
values of distance R has been investigated using 
Monte Carlo techniques 23,24. The dynamical be­
havior of the fluctuations can be described by a spin 
diffusion law according to VAN H o v e  20 if large 
distances and large time intervals are considered. 
These spin fluctuations give rise to the critical scat­
tering of neutrons. For small energy transfers h co 
and small momentum transfers the cross section is 
given by 20

d2a k' 2
(r0 y ) 2 S ( S  +  1)

dQ  dft) k 3 (13)

F(q)\2z(q)
1 r(q)
t i  co2 +  r 2(q) '

The wave number dependent susceptibility x(q) is 
derived by fourier transformation of the correlation 
function; according to the Ornstein-Zernike formula 
%(q) is given by

1 1
2 \,2 q < * - . (14)

y.- +  q-

r1 parameter describing the range of the interaction 
and according to Fisher’s theory

1 1

(*2 +  l -v/sY
vl-

q < x .  (15)

The concept of dynamic scaling 25-29 has to be taken 
into account to represent the linewidth -T(CJf) of the 
quasielastic scattering correctly. The results of the 
dynamic scaling hypothesis for the isotropic ferro­
magnet can be summarized by 29

F ( q ) = A q 2 for q x ,
r  (q) =  r o q'-:i~v)i- for q >  x . (16)

A  spin diffusion constant (from lim r o ~  lim A
T->-Tc T ^ -T e

• =(= 0 , o o  one immediately derives the rela­
tion between the critical exponents of A  and x)

20 L. v a n  H o v e ,  Phys. Rev. 95, 1374 [1954].
21 L. S . O r n s t e i n  a n d  F. Z e r n ik e ,  P r o c . A c a d . Sei. A m ste r ­

d am  17,793 [1914],
22 M. E. F i s h e r  a n d  R. J. B u r f o r d ,  Phys. Rev. 156, 583

[1967].
23 K. B in d e r  an d  H . R a u c h ,  Z. Physik 219, 201 [1969],
24 K . B in d e r  an d  H. R a u c h ,  Z . A n g e w . Phys. 28, 325 [1970].
25 R. A . F e r r e l l ,  N. M e n y h ä r d ,  H. S c h m id t ,  F . S c h w a b l ,

a n d  P. S z e p f a l u s y ,  Phys. Rev. Lett. 18, 891 [1967].

26 K. K a w a s a k i, J. Phys. Chem. Solids 28, 1277 [1967].
27 K. K a w a s a k i, Progr. Theoret. Phys. 40, 11, 706, 930

[1968],
28 B. I. H a lp e r in  and P. C. H o h e n b e r g ,  Phys. Rev. Lett. 19, 

700 [1967],
29 B. I. H a lp e r in  and P. C. H o h e n b e r g ,  Phys. Rev. 177, 952

[1969].
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In the hydrodynamic region (q ^  x) the be­
havior of the fluctuations is diffusive while in the 
transition region (q >  x)  it is not. We use now the 
simplest model which is consistent with Eq. (16) to 
represent jT (q ) for all values of q as indicated in 
Fig. 3. In the upper part of the figure the features

Fig. 3. Choice of the linewidth function r  (q) (middle part of 
the figure) according to the dynamical scaling assumptions 
(upper part of the figure). The lower part of the figure shows 
the resulting dependence of the cross section on the “bound­

ary parameter” b. For explanations see the text.

of the dynamic scaling law are pointed out, while 
we plot the function which is used for the numerical 
calculations in the middle part of the figure. We 
define the constant -T0 by r o =  A ( x  the
boundary parameter b having the order of magni­
tude one. The sharp transition between the two

regions for q =  x or q — b x , respectively, is a crude 
simplification, of course. The scattering of ultracold 
neutrons is predominantly hydrodynamic, however, 
since the neutron wavelengths are very large and 
the neutron energies are very small. The details of 
the model for large q affect the behavior of the cross 
section only slightly. Therefore we do not use the 
more sophisticated results which have been derived 
for r ( q )  by use of mode-mode coupling theo­
r ie s30-32 (and which do not agree with each other 
numerically). The behavior of %(q) for large values 
of q has a small influence on the total cross section 
for the same reason. This is demonstrated explicitly 
by use of the mean field expression 16

I  1(q )  = x 2 +  —
1

1 — 2  exp{t q  R }  

(z  number of nearest neighbours)

(17)

for the numerical calculations. We approximately 
average z (q )  over the directions by taking the 
average

/ I  v  D l\  sin q d
( —  2  exp{* q  R } J  =  —  .\ q d

(18)

Using Eqs. (17), (18) instead of Eq. (14) for the 
numerical integrations changes the values of the 
total cross sections by less than 1% in the critical 
region; therefore the Eq. (14) or Eq. (15), respec­
tively, are sufficient, and we need not consider the 
more complicated theories for the behavior of x(Q)  
for large q 22 (or, equivalently, the behavior of the 
correlations for small distances 23, 24) . The magnetic 
form factor is omitted for the same reason.

The result which we obtain for the total cross 
section depends now sensitively on the ratio k / x , 
i. e. the ratio of the correlation range to the neutron 
wavelength. If k/x  ^ 1  we can neglect the Fisher 
parameter r\ since r\ ^  1 and make the approxima­
tions

k'2 =  k2 +
2 m oo 2 m oi------- -----------

h h  ’ 
q2 =  k2 +  k'2 — 2 k k' cos -k'2. (19)

From Eq. (14) it is seen that typical values of the 
momentum transfer h q have the order of magnitude 
h x, the energy transfer h (o being large in com­
parison with the energy f t . 2 k2/ 2 m of the incident

30 D. H u b e r  and D. K r u e g e r ,  Phys. Rev. Lett. 24, 111 [1970]. 32 J. V i l l a i n .  Internat. Conference on Magnetism, Grenoble
31 P . R e s ib o is  an d  C. P i e t t e ,  P h y s .  R e v . L e tt .  24, 514 [1970]. 1970 (to  b e  p u b l is h e d ) .
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neutrons. Therefore the approximations of Eq. (19) gration the total cross section, which obeys a l /v-  
are justified, and we derive by straightforward inte- law

2mA
h. « f  M > s ( s + r . ^ x  i  + A \2 arctan 6 +

2 m .1 

h]/k~

1 +

V 2 \ 1 +  [ T w ) )  ^  “ arctan^ 2 6 ~  — arctan ( j/2  6 +  1))

. 1 , 6 +  1/26 +  1 / ,  / 2 w i \2\
2 1/2 n b _  r/2 6  + 1 \ \  fe 1/6 / /

2 m A  ( 2 m yl\
ti — 2 arctan - — — I

h Vb h V b  j

(20) 

k ^  x .
1/2 6 +

The condition k x leads to the condition 2 m A / h  ^  1 in practical cases, since the critical exponents of 
A  and x are related. Therefore we can write the cross section in the simpler form

f  (ra y ) * S ( S  +  l ) f i b ) ,

where the slowly varying function f (b)

A/ ( 6 ) = arctan 6 + 7i — arctan ( ^ 2 6 —1) — arctan ( l /2 6  +  l )  — — In ——
2 6 - 1 / 2 6  +  1

(21)

(22)

is plotted in the lower part of Fig. 3. Thus the cross 
section depends on the correlation range x ~ l and 
the spin diffusion constant A  in a very simple 
way. It is interesting to note that the condition 
2 m A / h  ^  1 leading to Eq. (21 ) is valid for tem­
peratures as close to the critical temperature as 
(T — Tc/T c) ä j 10~2 in the case of iron.

We have to calculate the cross section for ar­
bitrary values of k/x  by numerical integration, 
suitably starting from the expression

upper limit. If x ^  k the numerical integration in 
Eq. (24) has to be done with great care since the 
cross section is almost divergent. We now proceed 
to discuss the limiting value of the cross section for 
x/k-^yO.  Using the notation (2 m T J h )  • k^~ T>̂ 2, =  A 
we investigate the contribution of the divergence of 
the integrand separately

with the dimensionless integral I
oo (1+2/)

l = [ ^ y  dy

0 (1- 2/)

dt

1

r(0

(23)

oo (1 + y)*
+ J y&y J

l  + e, ( I - * / ) «

with ^  1 and the notation
(2-*)*

A = J (1 + £) d£ J 4 £2 +  4 £3 +  £4 +  A 2 t̂ 5~v^2

[x jk ) 2 +
i  — *1/2]

W 2 (y 2 _ 1)2 +  y2(f) 

(24)

(27)

This integral can now be evaluated simply since 
£0 1 and for ultracold neutrons A <  1

with the notation according to Fig. 3

r ( t )

2 m A
h

2 m A
h

k
x 6

for t >
x 6 \2 
k j  ’ 

x 6 \ 2 
~ k )  ' 

(25)

£, 4 
/ , ~ 2 j d £ /

0 £*

2  £n

(28)
vc x (l + v)/i f a

0 l + x ^ 2

It can be verified explicitly that large values of y  
make only very small contributions to the integral 
Eq. (24) and therefore we write infinity for the

Since rj ^  1 we can choose £0 suitable such that 
J 1 ^  711 rj, the contributions of the first two integrals 
in Eq. (26) being negligible small in comparison
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not possible to derive rj from experiments making 
use of Eq. (30), since this maximum value of the 
cross section will be reduced by the uncertainties in 
the temperature, temperature gradients, the finite 
size of the microdomains etc.

The results of the numerical evaluation of Eqs. 
(24), (25) are plotted in Fig. 4. The cross section 
(in dimensionless units) is plotted versus the ratio 
x/k  for different values of 2 m A / h  and b. Curves 
for different values of r\ are practically identical 
(most of the curves given in the figure refer to 
r\ =  0.0625, a value being similar to the result of the 
threedimensional Ising model 22, and contain there­
fore no information about the limiting behavior 
Eq. (30), which is dashed-dotted drawn in the 
figure. We now use these general results to make 
some specific predictions about the temperature 
dependence of the cross sections for iron. We use 
the following choice of parameters

* =  *„( i - r c/ D » . » ,
A  =  A „ ( \ - T J T ) ° ^ ,  (32)
x0 - 0,855 (Ä-1 ) , 2 m A J h  =  29,4

Fig. 4. Total magnetic cross sections plotted versus the ratio x/k. Curves for various values of A and b are shown (solid and 
dashed lines respectively). The dashed dotted straight lines represent the asymptotic (x —*■ 0 and A  —► 0) behavior for dif­

ferent values of rj.

with Jt . Therefore it is a reasonable approximation 
to replace the integral Eq. (26) by its limiting value 
for A —> 0, which can be calculated exactly using the 
representation of the <5-function

lim 7~2— V\ 2 ,  2 = ^< H y2 - 1) (29) x^o ( y -  l ) *  +  x2

yielding the result

2 m A  J  ö = - r ( r o 7 ) 25 ( 5 + l )
h

3 v U ,/ -V - / (jfcr i ) 2- ,

—  ( l - » ? /2 ) (1- ’/2). (30) 
V

The cross section at the critical temperature is thus 
inversely proportional to the critical exponent rj. 
The cross section approaches this maximum value 
for x  —> 0 as

o <x [1 -  ( x / k ) v]/r] (31)

which is very similar to a logarithmic divergence
o a \ n ( k / x ) , however, since rj is very small. It is
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which is consistent with the static 33 and dynamic 29 
scaling laws, and yields parameters x, A  having 
about the same order of magnitude as given by the 
experiments 34,35 for 1 — Tc/T  «  10-2 . This choice 
is only a preliminary example, of course. There is 
much experimental disagreement about the spin dif­
fusion constant and its temperature dependence35-39. 
The analysis of the energy distribution of the cri­
tically scattered cold neutrons is very difficult be­
cause of the angular range permitting hydrodynamic 
scattering shrinks to zero for T - + T C. The experi­
mental results on A  have thus to be considered with 
some reservation 40. Therefore the possibility of an 
indirect determination of the spin diffusion constant 
from the total cross section of ultracold neutrons 
may be of interest in some cases. In Fig. 5 we 
present the cross section as function of wave number 
k with the choice of parameters given by Eq. (32). 
The normalization of units is chosen in such a way 
that l/i;-cross sections yield horizontal straight 
lines. Large deviations from the l/v-behavior are 
detectable when the critical temperature is ap­
proached. The dashed-dotted lines indicate the mag­
nitude of the nuclear absorption cross section and 
the cross section given by lattice vibrations 41. The 
magnetic scattering predominates in the vicinity of 
the critical temperature.

5. Conclusions

The characteristic properties of “ultracold” neu­
trons, large wavelength and small energy, can be 
very useful for neutron scattering investigations in 
solid state physics. This fact is demonstrated by 
some simple examples of magnetic scattering. We 
do not consider effects connected with the refractive 
index of neutrons which is very important for the 
slowest part of the ultracold neutron spectrum, 
since the refraction of the neutrons can be taken 
into account in a simple way 1< 2. We first consider 
the Bragg scattering of ultracold neutrons from the 
vortex lattice in type II-superconductors. The ad-

33 L. P . K a d a n o f f .  W. G ö t z e .  D. H a m b le n , R . H e c h t ,  E. A. 
S. L ew is , V. V. P a lc ia u s k a s ,  M. R a y l ,  J. S w i f t ,  D. Asp- 
n e s , and J. K a n e , Rev. Mod. P h ys. 39, 3 95  [1 9 6 7 ] .

34 S. S p o o n e r  and B. L. A v e r b a c h ,  P h ys. R ev. 142, 291
[1 9 6 6 ] .

35 M. C o l l in s ,  V. M in k ie v ic z ,  R. N a t h a n s ,  L. P a s s e l l ,  and 
G. S h ir a n e ,  P h ys. Rev. 179,417 [1 9 6 9 ] .

36 B. J a c r o t ,  J. K o n s t a n t in o v i£ ,  G. P a r e t t e ,  and D. C ri-
b ie r , Inelastic Scattering of Neutrons in Solids and Li­
quids, IAEA, Vienna 1963, p. 317.

Fig. 5. Estimates for the total magnetic cross sections of iron 
as a function of neutron wave number k  at various tempera­
tures. The dashed-dotted lines represent the phonon cross sec­

tion and the nuclear absorption cross section.

vantages resulting from the large value of the cross 
section and the large Bragg angles are discussed. 
We then investigate the inelastic scattering from 
magnetic systems at low temperatures and at tem­
peratures slightly above the critical temperature, 
respectively. We demonstrate that the total cross 
sections contain detailed information about the in­
elasticity of the scattering. Since we use very crude 
models to derive the cross sections, parts of the dis­
cussions may have preliminary character and a more

37 L. P a s s e l l ,  K. B lin o w s k i ,  T. B r u n , and P . N ie ls e n ,  Phys. 
Rev. 139, A  1866 [1965].

38 J. A ls - N ie ls e n ,  Phys. Rev. Lett. 25, 730 [1970].
39 R. K a h n  and G. P a r e t t e ,  International Conference on 

Magnetism, Grenoble 1970 (to be published).
40 P. C. H o h e n b e r g ,  Varenna Lectures on Critical Pheno­

mena, 1970. and private communication.
41 K. B in d e r , P T H M -F R M  Nr. 110,1970.
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sophisticated reexamination may be necessary. We 
believe, however, that the main features of the scat­
tering come out correctly from our simplified 
theory. Experiments are desirable to support this 
point. Since the dependence of the cross sections on 
the neutron velocity deviates from the simple 1/v- 
behavior in a nontrivial way, a detailed analysis of 
measured neutron cross sections should be feasible. 
It is shown that the scattering by ferromagnetic spin 
waves in the vicinity of the forward direction allows 
conclusions concerning the anisotropy energy. The 
cross section for the critical scattering of ultracold 
neutrons is dominated by the parameters of the 
hydrodynamic theory, namely the range of the spin 
correlation and the spin diffusion constant A.  
Remarkably large values for the magnitude of the 
cross sections are found. The survey of magnetic 
scattering treated in our paper is by no means com­
plete, other topics are the critical scattering below

42 F. W e g n e r  and E. R ie d e l,  International Conference on
Magnetism, Grenoble 1970 (to be published).

the critical temperature, antiferromagnetic magnons, 
paramagnetic high-temperature diffusive scattering, 
inelastic spin-flip scattering by magnetic ions, criti­
cal magnetic scattering including anisotropy etc. It 
is clear, however, that in most of these cases more 
complicated models have to be used (for instance, 
see the dynamic scaling theory of anisotropic criti­
cal scattering given in 42) .

We add one remark about measurements of double 
differential cross sections, deriving d2o /dQ do) with 
given accuracies Aq, Aw.  From the intensity con­
siderations in momentum space43 it can be seen 
that the use of very cold neutrons may be favorable.
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